ABSTRACT. It is well known that a differentiable real valued function on the real line is convex iff its derivative is nondecreasing.
This characterization of differentiable convex functions does not extend if the domain of the function is a Banach lattice of dim > 2. In this paper a complete characterization of a subclass of differentiable convex functions on a given Banach lattice is obtained in terms of the monotonicity and natural orthogonality properties of the gradients.
It is well known that a differentiable real valued function on the real line is convex iff its derivative is nondecreasing.
It is also known that a C'-real valued function F on an arbitrary Banach space E is convex iff the gradient of F, say /, satisfies the condition (*) (f(x) -f(y),x -y) > 0 for all x,y € E. Condition (*) is referred to in the literature as a monotonicity condition. However when E is a Banach lattice, it is natural to define a function f on E into another Banach lattice Ei as nondecreasing if f(x) > f(y) whenever x,y in E are such that x > y. The present investigation originated out of the surprising fact that, as shown by suitable examples, the characterization of C1-convex real valued functions on the real line recalled above, does not extend if the domain of the function is a Banach lattice of dim > 2, and the monotonicity of the gradient function is interpreted as in the preceding sentence. More specifically, if E is a Banach lattice of dim > 2, there are C'-convex real valued functions on E with gradients not nondecreasing and there are C'-real valued functions on E with gradients nondecreasing which fail to be convex. The main result here provides a complete characterization of C1 -convex real valued functions $ on an arbitrary Banach lattice E of which the translates $(i + y) -$(x) are orthogonally additive in y for all x in E, in terms of the monotonicity and natural orthogonality properties of the gradient map of $. The characterization of the special class of C'-convex functions on Banach lattices stated in the main result here appears to be a reasonable substitute of the characteristic property of C1 -convex real valued functions on the real line recalled above.
The plan of the paper is as follows. In the introductory section, §1, the basic definitions and known results are recalled for convenience of reference, and the main results are stated and proved in §2.
Preliminaries.
If E is a Banach space, a continuous mapping f:E->E*, where E* is the dual of E, is called a gradient map if there is a real valued G1-function F on E such that F'(x) = f(x) for all x in E. It is known that if / is a gradient map on E, then the real valued function F defined on E by setting F(x) = /0 f(tx)xdt is a G1-real valued function such that F'(x) = f(x) for all x in E (see (2.5.6) in Berger [1] ). If E and Ei are Banach lattices, then a function /:£>-> .Ei is said to be nondecreasing if f(x) > f(y) for all x,y in E such that x > y. If E is a Banach lattice, and Ei is an arbitrary vector space, a function f:E->Ei is said to be orthogonally additive, in short o.a., if f(x+y) = f(x) + f(y) for all pairs of orthogonal vectors x, y (x±y) in E, i.e. vectors x, y in E such that |x| A \y\ -0. A real valued function / on a vector space E is said to be convex if f(ax + by) < af(x) + bf(y) for all x, y in E and for all nonnegative real numbers a, b such that a + b = 1. If/is a function on a vector space i?, the x-translate of / for x in E is the function ç; defined on E by setting g(y) -f(x + y) -/(x).
For an account of differential analysis in Banach spaces, see Berger [1] , Cartan [2] , Dieudonné [4] , Lang [7] , and Sundaresan and Swaminathan [13] . For the theory as well as terminology concerning Banach lattices, see Lacey [6] , Lindenstrauss and Tzafriri [8] , and Schaefer [11] . It is to be noted that orthogonally additive functionals on Banach lattices, in particular on function spaces, have been extensively studied by Mizel and his collaborators [9, 10] , and Drewnowski and Orlicz [3] .
Before concluding this preliminary section a useful result is recalled. A real valued function $ on a Banach lattice E is symmetrically monotone if for all x in E $(x + y) + $(x -y) < $(x + y') + $(x -y') if y,y' in E satisfy the inequality \y\ < \y'\. A well-known result of Hardy, Littlewood, and Polya [5] asserts that a continuous real valued function on the real line is convex if and only if it is symmetrically monotone. This characterization of convex real valued functions on the real line is false if the domain of the function is a Banach lattice of dim > 2. The following result stated and proved in Sundaresan [12] is recalled here for convenience of reference. THEOREM 1. If E is an arbitrary Banach lattice, then a continuous real valued function <p on E is symmetrically monotone if and only if it is convex and for each x in E, the x-translate of <p defined by (p(x + y) -tp(x) is orthogonally additive in yFor a proof, see [12] .
Main results.
Before proceeding to the promised characterization several useful results are stated with proofs. LEMMA 2. If tp is a symmetrically monotone real valued function on a Banach lattice E, and if x, y, and z are in E such that 0 < x < z and y > 0, then
PROOF. With x,y, and z as in the hypothesis, let £ = \(x + y + z), n = \(x + y -z), and n' = ¿(z + y -x). Then \r¡\ < \(z -x) + \y = n' = \r/'\. To verify that / is nondecreasing, let x,z be in E such that x < z. Thus x+ < z+, x~ > z~. From Lemma 2 it follows that for y > 0 and t > 0, </>(x+ + ty) -<P(x+) < (z+ + ty) -4>(z+), and <p(-x~ + ty) -<p(-x~) < <p(-z~ + ty) -<p(-z~).
From these inequalities it is deduced that (1) f{x+)y < f(z+)y and f(-x~)y < f(-z~)y.
Since by part (a), / -/(0) is o.a., it follows that
(1) and (2) together imply that f(x)y < f(z)y for all y > 0, verifying /(x) < f(z) if x < 2, as desired.
The converse of the preceding is proved in the next theorem after noting three useful lemmas.
LEMMA 4. If E is a vector lattice and g:E-^Ei
is an orthogonally additive map, where Ei is a vector space, then g(x) + g(-x) = g(y) + g(-y) = g(\x\) + g(-\x\) if |x| = |y|.
PROOF. If suffices to verify that g(x) + g(-x) = g(\x\) + g(-\x\).
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Let x = x+ -x', so that |x| = x+ + x~. Since x+_Lxg (x) + g(-x) = ç;(x+) + ç/(-aT) + c/(-x+) + g(x~)
-g(\x\) + g(-\x\), since g is o.a.
LEMMA 5. Let E be a Banach lattice and f: E -> E* be a nondecreasing continuous gradient map such that (1) the x-translates are othongonally additive for all xinE, and (2) ifyLz, f(x + y)z = f(x)zforallxinE. Then the translates of the real valued function F on E, where F is the function defined by F(x) -f0 f(tx) dt, are orthogonally additive.
PROOF. Let y, z be in E such that y±z. Now PROOF. As a preliminary case let /(0) = 0. Since 0 < y < z and / is nondecreasing, 0 < f(ty) < f(tz) for t > 0. Thus f(ty)y < f(tz)z.
On integration w.r.t. t from 0 to 1, it follows that F(y) < F(z). Thus if |y| < \z\,
Hence F is symmetrically monotone. The next theorem summarizes Theorems 1, 3 and 7.
THEOREM 8. Let E be a Banach lattice and G be a C1-real valued function on E with f the gradient map of G. Then the following properties of G and f are equivalent:
(1) G is convex and for each x G E, the x-translate of G is orthogonally additive. The following examples signify the importance of Theorem 8. EXAMPLE 1. If E is a Banach lattice of dimension > 2, then there is a C1-convex real valued function on E such that its gradient fails to be nondecreasing.
The construction of one such function is as follows. If E is a Banach lattice of dim > 2, then there exist positive orthogonal vectors x and yinE.
Let fi,f2 be two positive functionals in E* such that /i(x) = 1, fi(y) = 0, f2(x) = 0, and f2(y) = 2. Let / G E* be the functional defined by / = /i -f2. Then if F(x) = (f(x))2, it is verified that F is a Gx-convex real valued function on E with its derivative at £, '(£) = 2/(£)/, for all £ G E. It is verified that F'(x) = 2/, while F'(x+y) = -2/.
Since x < x + y, and 2/ is not less than -2/, F' is not nondecreasing. In this example it is noted that F does not satisfy the second part of condition (1) in Theorem 8. The author is indebted to the referee for several helpful comments.
